EXISTENCE AND REGULARITY 
FOR THE GENERALIZED MEAN CURVATURE FLOW EQUATIONS 



RONGLI AND JIGUANG BAO^ 

Abstr act. By making use of the approximation method, we obtain the existence and regularity 
of the viscosity solutions for the generalized mean curvature flow. The asymptotic behavior of 
the flow is also considered. In particular, the Dirichlet problem of the degenerate elliptic equation 

-|Vi,|(div(-^) + i.) = 

is solvable in viscosity sense. 



1. Introduction 

Let n < 6, and D C M."'^'^ a bounded domain with a boundary of mean curvature H > 
with respect to its outer unit normal. For fl = \ D and a nonnegative function / e C°^^(il), 
Bcrnhard Hein considered the viscosity solutions of the inverse mean curvature flow (cf. [1]) 



(1.1) 



Ut — div 



|Vu|=0, e 17 X (0,+oo), 

M = 0, {x,t) edDx (0, +oo), 
u = fix), (x,t)er!x{0}. 



Here ut — %,Vu = grad u, div is the divergence operator in M"+^. He proved that there 



exists a unique nonnegative weak solution which satisfies (jl.ip . And there is a positive constant 
C = C(n, D, /) such that for x and all t > 0, 



\Vu\ < C, 



Vt 



Ot y/t 



Y.Giga, M.Ohuma and M.Sato studied the following Neumann problem (cf. [2]) 



(1.2) 



Ut 



|Vu|div 



du 



= 0, (x,t) e D X (0,+oo), 

= 0, {x,t) e dD X {0,+oo), 
xeDx {0}, 



^7 
u = f{x), 

where 7 is the outer unit normal of dD and f{x) G C^{D). They discovered some interesting 
properties of the solution u{x,t) (see Theorem 1.1 in [2]) which satisfies (|1.2p in viscosity sense. 
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Inspired from [1] and [2], we investigate the global properties of solutions of the generalized 
mean curvature flow equations 

(1.3) ('^'''(^) (2^-^) ei?x (0,+oo), 

where v is a constant. The equation (|1.3p has a geometric significance because 7-level surface T(t) 
of u moves by its mean curvature when v = provided Vu does not vanish on r(<). Such a motion 
of surfaces has been studied by many authors in various conditions (cf. [3], [4], [5], [6], [7], [8]). 
However, the uniformly gradient estimates for solutions of ()1.3|) are little known and crucial for 
studying the global properties of viscosity solutions. 

In the present paper we consider the initial and boundary value problem 

ut - |Vw| (^divj^i^^ = 0, {x,t) eDx (0,+oo), 

(1-4) S u = h{x), {x,t) e dD X [0,+oo), 

u — g{x), X e D X {0}. 

Here h(x) and g{x) are the given functions on D. 

Our main purposes are to show the existence and regularity of the viscosity solutions for (|1.4p , 
study their asymptotic behavior, and prove that u{x,t) converges to a solution of the Dirichlet 
problem of degenerate elliptic equation 



(1.5) 



-|Vz;| (div( ^ ) =0, xeD, 



V = h{x), X G dD, 

a.s t +00. The solvability of p.5p doses not seem to be easily found in literature as far as we 
knew. 

Quite naturally, we always use the following notations 



dxi ' ^^"^ dxidxj 
Firstly we introduce the definition of viscosity solutions 



Definition 1.1. Suppose that u{x, t) is a function in C{Dx [0, +00)) and satisfies the initial and 
boundary conditions of (1-4)- If V ^ C°°{D x (0,+oo)), {x,t) G 8 C x (0, +cx)) and Q is a 
bounded open set, which satisfies 



{u — <p)(x, t) = niax(w — (/s), 
e 



and at {x, t) that 



Or there exists rj = {rji, 772, '• ' , fln+i) with \r]\ < 1 at {x,t) such that 
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Then u[x, t) is viscosity sub-solution of 

Definition 1.2. Suppose that u{x, t) is a function in C{Dx [0, +00)) and satisfies the initial and 
boundary conditions of Jj.^p . If (f E C°"{D x (0,+oo)), (a;,i) G 9 C x (0, +00) and Q is a 
bounded open set, which satisfies 

(u — (p)(x,t) — niin(w — 1^9) , 
e 



and at (x, t) that 



'fit > { " ) + ^l^^l' l^^l 0- 



|v^| 

Or there exists rj = (771, 772, ■• • , Vn+i) with \'r]\ < \ at {x,t) such that 

> {Sij - r]iT]j)ipij, |Vi^| = 0. 
Then u{x, t) is viscosity super- solution of {1-4% 

Definition 1.3. Ifu{x,t) is a viscosity sub-solution and also is a viscosity super- solution of ^T^, 
then u{x,t) is a viscosity solution of \1.4^ . 

Let us fix h{x) — g{x) on dD, h{x) E C^{dD), g{x) E C^{D) and suppose that is a smootti 
strictly convex bounded domain in K"+^, and < where Hq is the positive lower bound of 
the mean curvature of dD. 

One of the main results in this paper is the existence and regularity of viscosity solutions of 
(O). 



Theorem 1.4. There exists a unique function u{x,t) which satisfies in viscosity sense and 

(1.6) ueC{Dx[0,+oo)), ut E L°°{D x[0, +00)), Vu E L'^iD x [0,+oo)), 

(1-7) ||w||l=°(_Dx[0,+oo)) + ||Vu||loo(£,x[o,+oo)) + ||wt||L~(Dx[0,+oo)) < C\ 

+00 p 

2, 



(1.8) / / \utrdxdt < C, 

Jo J D 

where the constant C depends only on n, v, D, ||/i|lc2(a_D) and \\g\\c^(j)y 

As an application of Theorem 11.41 we have 

Corollary 1.5. Suppose u{x,t) is the viscosity solution of (1-4) ■ Then there exists a function v{x) 
which satisfies v{x) E C{D),\Jv E L°°{D), such that 

(1.9) lim u{x,t) = v{x), in C(D). 

t — >+oo 

and v{x) satisfies hl.^) in viscosity sense. 

Remark 1.6. By Corollary \1.5\ the Dirichlet problem m.5\) is solvable. But we don't know whether 
the viscosity solutions of il.5\} is unique. 
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The second result of this paper is the LiouviUe-type property of the viscosity solutions. Suppose 
that D' is a smooth convex bounded domain in K", such that 

Dr]{{x',Xn+i) e IR"+i I |a;„+i| <m+l} = D' X (-rn- l,m+l), 

where x' — {xi, ■ ■ ■ , Xn) and m is a positive constant. 

Theorem 1.7. Let ly > and suppose that g(x' , Xn+i) is a non- decreasing function o/x„+i which 
satisfies 

(1.10) g{x',x„+i) = \, Xn+i>m, 

where X is a constant. Then the viscosity solution u{x,t) in C{Dx [0, +oo)) of (1-4) satisfies 

(1.11) u{x' ,Xn+l,t) = X, Xn+l>m. 

In the next section we construct an approximation problem of ()1.4p and establish uniform 
estimates for their classical solutions. In the last section we present the proof of the main results. 

2. Preliminary Estimates 

Consider the approximate problem of (1.4) (with e G (0, 1)) in a smooth strictly convex bounded 
domain in R"+-'^ 

ut - \/e2 + |Vu|2 . |^div(^ ^_ZV _^ ^0, (x,t)ei?x(0,+oo), 

' u = h{x), {x,t) £dD x[0,+oo), 

u — g{x), X e D X {0}. 

We want to use the continuity method to prove the solvability of (|2.ip and then obtain the estimates 
similarly to pTT)) and PTS)) . 

In order to solve (|2.ip we use the following form of fixed point theorem (cf. [9]). 

Lemma 2.1. (Leray — Schauder) Suppose that *B is a Banach space, x(&, a) is a map from Q5x [0, 1] 
to 05. If X satisfies 

(1) X is continuous and compact. 

(2) x(^',0)=0, V&e«B. 

(3) There exists constant C > such that 

||&o||'8<C, V&oG {&e*B|3aG [0,1], b^x{b,cj)}. 
Then there exists 6o G such that x(&o, 1) = ^o- 
For any T > 0, we define 

«B = {u|ue C(i5x [0,T)), Vu G C(D X [0,T))}, Dt^Dx[Q,T). 
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From the theory on hnear parabohc equation (of. [10]) and for any it G S, cr G [0, 1], there exists 
a unique function u, where u G 25, u G W^'^ [Dt) with any p > such that u satisfies 

UiUj 



(2.2) 



Ut 



5u - <y^- 



= cri'v/e^ + CT2|VM|2, (x, t) € D X (0, T), 



u = ah{x), {x,t)edDx[0,T), 
u — <yg{x), X e D X {0}. 

By (|2.2p we can define a map from 05 x [0, 1] to 25 and denote u = x('S, cr). The main step in our 
argument is to vahdate the three conditions of Lemma |2. II one by one. 

It is obvious that x(^, 0) = for every {t G 5B by the uniqueness of the initial and boundary value 
problem (|2.2p . We see that the map x is compact by Schauder estimates and Sobolev embedding 
theorem (cf. [10]). Consequently we claim that x is continuous. In deed, this fact follows from the 
compactness of x and the uniqueness of the mapping x{^^ '^)- 

So it remains to verify the third condition for applying Lemma [2.1l to the problem (12. 2|) . Suppose 
x(m, a) — u. It follows from (|2.2p that u satisfies 



(2.3) 



Ut 



Ve2 + CT2|VM|2 . div 



^£2 +^2|Vy|i 



0, 



(x,t) eDx (0,T), 



u^(7h{x), {x,t) e dD X [0,T), 
u = ag{x), X e D X {0}. 



By using regularity theory, u G C°°{Dt) H C^'^{Dt)- Then the condition (3) in Lemma l2.ll 
is equivalence to the boundness of u and Vu in the L°° norm which is independence of a if 
u G C°°{Dt) n C^-^(Dt) and u satisfies ([231). 

In this section we derive estimates for the classical solutions of (|2.3p in which the bound 

is not only independent of u, but also independent of £ and T . 

Set 

' Vu 



(2.4) 
and 



L„u = ut- \J(? + cr2|Vu|2 • dr 



v/£2 +(72|Vu|^ 



SpL'T = (SL* X [0,T))U (£> x{t^ 0}). 

The estimates follow from the next three lemmas. The following comparison principle is by Theo- 
rem 14.1 in [10]. 

Lemma 2.2. Suppose that ui,U2 G C^-^^D x (0,T)) n C(D x [0,T)). // 
then 

Ui\dt > U2\dt- 
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The estimates of the maximum norm for the solutions of (|2.3p is the foUowing: 
Lemma 2.3. If u E C^{D x (0,T)) n C(D x [0,r)) is a solution of ifO)) . Then 
(2.5) I|u||l~(Dx[o,t)) < C, 

where C is depending only on \\h\\c{dD), ll.9llc(D)' o.nd D. 

Proof. Step 1. By \v\ < ^ and Theorem 16.10 in [9], there exists a > 0, E C^+^iD), such 
that 



v" = 1, xe dD. 

Set w — —v'^. Then w is a classical solution of the following Dirichlct problem: 
e 

/ Vw \ , 
div ^ + g-^iy ^ 0, x e D, 



V/1+ |Vw|2 



w = — , x G 91). 
e 



It follows from Theorem 6.1 in [11] that there exists a constant C depending only on n and diamD 
such that 



max |w| < — h Cfj ly. 
D e 



So 



(2.6) mspi\v^\<l + eavC <C. 

D 

Step 2. Suppose that k is a positive constant which will be determined later. Set v\ — v"^ A- n. 
Then v\ satisfies 



= 1 + K, a; e aZ). 

By (|2.6p we can choose k depending only on ||/i||c(a£)); Il5llc(l5)' ^"^^ ^ such that 

> 5(2^), v\{x)>h{x), X £ D. 
By applying Lemma 12.21 we arrive at 

u{x,t) < vl{x) <C + K<C, {x,t) eDx [0,T). 
For the same reason we obtain 

u{x,t)>-C, {x,t) eD x[0,T). 
This yields the desired results. □ 
The following is the gradient estimates for the solutions of 
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Lemma 2.4. If u E C°°{D x (0,T)) n C{D x [0,T)) and is a solution of ^K^. Then 
(2.7) ||Vw||ioc(Bx[o,T)) <C. 

where C is depending only on ||/i||c2(an), llsllcH^) ^'^'^ ^' 

Proof. Step 1. We derive the gradient estimates of u at the boundary and the methods comes 
from [4]. Set w = u — h. Then by (|2.3p w satisfies the fohowing equations on D x (0,T): 



Lw = wt 



In the neighborhood of 913 x [0, T) we will construct the functions -0^ which are independent 
of t and satisfy 

(2.8) ±£7/''^>0, (x,i) e en (D X (0,T)), 

(2.9) ^± = w = o, (x,*) G en (9D X [o,r)), 

(2.10) V"<w<7/'+, (a;,t) G (9en (D X [o,r))) u (en (L» X {0})). 

Consequently by Lemma 12.21 we have 

(2.11) i/;-<w<i/;+, (x,t) e en (£1 X [0,T)). 
For {x, t) E dD X [0, T), if a is the normal vector of dD such that 

a: + sa e e n (£> X [0, T), when < s < 1. 

Then by and ([2lI1) we obtain 

ip~{x + so) — -i/"" {x) ^ w(a; + sa, t) — w{x, t) ^ ip^(x + sa) — '0+(x) 
s ~ s ~ s 

Letting s — > 0, we have 

aa oa oa 

A direct calculation yields on e n [dD x [0, T)) 

|V-u| < |lVw||c(en(9_Dx[0,T)) + ||V/l||c(en(9_Dx[0,T))) 

(2.12) 

< ||VV'^||c(en(anx[o,T))) + IIV?/; ||c(en(9Dx[o,T))) + II V/i||c(en(9nx[o,T))) < C. 
In the following we constitute ■0^ and -0" which satisfy (|2.8p - (|2.10|) in detail. Firstly set 

i}+{x) = Xd{x), xeD, N = {xE D\d{x) < p}, 

where d(x) is the distance from x to dD, p and A are positive constant which will be determined 
later. Selecting the positive constant p to be small enough such that d{x) satisfies 
(a) d{x) e C^{N). 



8 RONGLI HUANG^'^ AND JIGUANG BAO^ 

(6) In N, \Vd\ = 1, and 

n+l 

^didij^O, j = 1,2, • • • ,n+ 1. 

1=1 

(c) li X € N, then there exists xq e dD such that d{x) = \x — Xo\. By Lemma 14.17 in [9] we 
can present the formula 

where fci, ^2, • • • , A:„ are the principle curvature of dD at a;o. 

Because dD is strictly convex, the mean curvature of dD have the positive lower bound and we 
denote it by Hq. Choosing p < -^^ and by (|2.13p we have 

(2.14) /\d{x) < -nHo, x E N. 

Now we verify -0+ satisfying (|2.8|) - (|2.10p one by one. 

(1) By the definition of d{x), tp^ satisfies ()2.9p . 

(2) If X e A^, then we can choose xq G dD such that d{x) = \x — xo\. And by w{xo, 0) = we 
obtain 

w{x, 0) = g{x) - h{x) - [g{x(3) - /i(a;o)] < I3\x - a:o| = Pd{x), 

where (3 is depending only on ||/i||ci('9£') and llffUpifTj)- On the other hand, if x £ dN D D, then 
d{x) — p. So we can select the positive constant A, such that tp'^ satisfies ()2.10p . 

(3) satisfies (g;!]). In fact, 

£^ --AAd-A/z + a _______ j (Ad., 

-avy^e"^ + cr2|v/i|2 + 2\a'^Vd ■ Vh + cr2A2. 
Then by ([^1^ and S^i^^dy d^ = we have 

Sl^ > nXHo + e2 + a2A2 + 2a2;,vd.V/i + a2|V/»|2 ) 

-avy/e^ + cr2|v/i|2 + 2cr2AVd • V/l + f72A2. 

By Lemma 14.17 in [9], |dy | have an upper bound depending only on dD. Let positive constant A 
to be large enough then we obtain 

(2.15) > nXHo - Xa'^\iy\ ~C> nXHo - X\iy\ - C, 

where C is depending only on dD, \\h\\(j2^Qiyy From (|2.15p and < nHo let A to be large enough 
which is depending only on dD and ||/i||c2(ar') then we have 

> 0. 

For the same reason we can construct tp~ which satisfies (2.8)-(2.10). So we have obtained the 
desired results of step 1 by (|2.12p . 
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Step 2. For i E {1,2, ■ ■ ■ ,n + 1}, let w — Ui. Differentiating (|2.3p with respect to Xi we get 
wt - a'''n7fei - b'mi = 0, {x, t) e D x (0, T), 

where 

a — Oki 



e2 + cr2|Vu|2' 



By the maximum principle for hnear parabohc equation (of. [10]) and (|2.12p we obtain (|2.8I 

From Lemma I2.1H2.4I and the Schauder estimates we conclude that 
Theorem 2.5. For any e > 0, there exists u'^ which satisfies 

eC°"{Dx{Q,+oo)), u" (^C{Dx[Q,+oo)), Vu" £ C(p x [Q,+oo)), 
and u*^ is a classical solution of \2.1\) . And there holds 

II'"'^IIl°°(Dx[0,+oo)) < C, \\'^u'^\\L^{Dx[a, + oo)) < C, 

where C depends only on ||/i||c2(aD) j ll.9llci(D)' -^o and D. 



Corollary 2.6. Suppose w*^ is a classical solution of S2.1]) . Then there holds 
(2.16) / / \u1\^dxdt < C, 



Jo JD 

where C depends only on ||/i||c2(aD) ) Il5llci(15)' -^o and D. 
Proof Set 

Jit) = / y/\Vu<^\^ + e^dx. 

Then 



D 



(2.17) J\t) = / -^£=I^dx - - / Hiv - nld... 



v/|Vu^|2+e2 Jd ^WPT 



From (|2.ip we see that 



(2.18) div- 



VlwpTT? ^|Vw^|2 + e2 
Substituting ([^1^ into (^17)) we obtain 

(2.19) J'it) + f ,,J";'' rfx = / 

For (|2.19p integrating from to T and using (|2.5p we have 
r i„e|2 /• 

i^rrr/y: ^ .1(0) — .T[t) + / u'^\^^xdx — I U^\t=odx 



JnyrVu^+e" ./£) 

< J(0) + C, 
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where C is a constant which is independent of e. Taking T — > +00 we get 



(2.20) / / , ' " =dxdt < C. 

Jo Jd ^wpT^ 

Combining (|2.7p with (|2.20p we arrive at 

l,,e|2 



JD 



\ul\^dxdt= / / , ' *' y/\Vu^\^ + e^dxdt 



,e|2 



< (l|VMiL~(Z5x[o,+oo)) +e) / / ' =^dxdt 

Jo Jd V |V-u^p + e'' 

<C, 

where C depends only on |l/i|lc2(aD), Il5ll(7i(l5) ' ^0 and D. □ 
Corollary 2.7. Suppose u'^ is a classical solution of i2.1]) . Then there holds 

(2.21) lk?llL~px[0,+oo)) < C. 

where C depends only on \\g\\c'^(D)- 

Proof. Set Lu — ul. Differentiating (|2.ip with respect to t we get 

ujt - a'^'^ujM - b'^uji = 0, {x, t) e Dx (0, +00), 

where 

„kl _ X "fc"? 



(e2 + |Vu'|2)2 e2^|y^e|2 y^TZ^y^' 
From u'^|a£)x[o,T) = ^(2;), there holds 

w = 0, {x,t) e dD X [0,+oo). 

From ()2.ip we see that 

.^v^^Tww-(^dw(^-^^==y.y ix,t)eDx{o}. 

This yields (|2.2ip by using maximum principle . □ 

3. The proof of main results 

In the third section, we give the proof of Theorem 11.41 CoroUar v 11.51 and Theorem 11.71 
Proof of Theorer dl.4l Consider the classical solution of approximate problem (|2.ip . From 

Theorem 2.5 and CoroUarv 12.71 we see that there exists {ei}|^t!^ satisfying lim e.; ~ such that 

there holds 

u'' ^ M, in C(l3 X [0, +00)), 

Vu^'^Vu in L°"{D X [0, +00)), 

ul^^ut in L°°{D X [0, +00)). 



I — > + oo 
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Combining Corollary 12 . 61 with Fatou's Lemma we verify that u satisfies (|1.6p - (jl.8p . On the other 
hand, by the stability theorem of viscosity solutions (cf. Theorem 2.4 in [3]) u is a viscosity solution 
of (|1.4p . This completes the proof of Theorem 1 1.41 

Proof of Corollarv ll.51 The main idea comes from Y.Giga, M.Ohnuma and M.Sato (cf. [2]). 

Consider the viscosity solution u of (|1.4p . For (x,t) G Z^i = 13 x [0, 1], set 

Uk{x, t) = u{x, k + t), k — 1,2, ■ ■ ■ . 

From (|1.7p and the Ascoli-Arzela's Theorem, there exists a subsequence of {uk} (still denote the 
subsequence by {uk}) and the function v{x,t), such that 

(3.1) lim Uk{x,t) — v{x,t), in C{Di). 

k — ' + CO 

By (|L5|) we obtain 

lim / / \ukt\'^dxdt = lim / / \ut\^dxdt = 0. 
Letting k +oo we have 

(3.2) Ukt^O, in L\Di). 

It follows from and 1321) that for any € C^{D) and x e C^(0, 1), 

r-l 

v(j)Xtdtdx — 0. 



D Jo 
Then 

(3.3) vt=0, {x,t)eDi. 

By (|1.4p Uk satisfies the following equation in viscosity sense 



(3.4) 



Ukt-\^Uk\(div(^-^^^ =0, {x,t)eD,x{0,l), 



Uk^h{x), {x,t) e dDi X [0,1]. 

From (|3.4p taking A: — > +oo and using p.7p . p.ip . (l3.3p and applying Theorem 2.4 in [3] we deduce 
that V satisfies 

Vv 



Vu| ( div( — j = 0, xeD, 

V = h{x), X e dD, 
in viscosity sense. This completes the proof of Corollarv ll.51 

Proof of Theorem ll.71 Firstly taking positive constant S to be small enough we can construct 
a pair of non-decreasing functions <?^(t) and g^{T) such that 

g^{xn+i) ^ g^{Xn+l) ^ X, Xn+l>m + 6, 



(3.5) 



g (xn+i) < maxg{x' ,Xn+l) < g^ixn+i), Xn+i<m + S. 
X'eD 
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In fact, by the hypothesis of g we can choose 5^(t) = A. Set 

{A, \f T > m + S, 

— (T — m — S + e), if T<m + 5. 
£ 

By smoothing the point (m + (5, A) and letting e = e{5) to be small enough we obtain g~ {t) which 
satisfies (|3.5p . 
Let 

u+(x',a;„+i,t) = .g+(x„+i + vt), 

We claim that x„+i, t) and (x' , Xn+i,t) are viscosity sub-solution and viscosity super- 

solution of (|1.4[) respectively. Then using Theorem 1.7 in [12], i.e, the comparison principle for the 
viscosity solution of (|1.4p which is likely to Lemma [221 we get 

(3.6) U~{x',Xn+l,t) < u{x',Xn+l,t) < {x , Xn+1 , t) , {x ,Xn+l,t) £ D X [0, +Oo). 

In particular, if Xn+i > m + 5 for any (5 > 0, then [x' , Xn+i, t) = (x' , Xn+i, t) = \ hy making 
use of (3,5). Taking (5 ^ we obtain p. lip . 

Now we prove that [x' ,Xn+iTt) is viscosity super-solution of (|1.4p . In a similar way we can 
prove that u"(a;', Xn+i, i) is a viscosity sub-solution of (jl.4p . 

In fact, for any {x, t) E D x [0, +oo), ii ip E C°°{D x [0, +oo)) and there exists a neighborhood 
6 of (a;, i) in _D X [0, +oo) such that 

(u^ — (p){x, t) — rnin(w+ — (p). 
e 

Then at {x, t) we have 

(3.7) u+ -ipt<0, Vu+ = V(^, D^u+ > D^ip. 

If V(/? — 0. Then by taking t] — (t^i, 772, • • • , rjniVn+i) = (0, 0, • • • ,0, 1) and using p.7p we obtain 

(3.8) ((5y - r]iTJj)tpij < {Sij - T]iVj)uti = (1 " '?n+l'7n+l)w^+i,„+i = 0. 

By dlJl) and ([SJ]) there holds 

Vt>ut^ v{g'^)' = VLpn+i = > ((5y - riirij)Lpij. 
On the other hand, if Vip ^ 0. Then by (|3.7p we get 

(3.9) <y9, = u+ = 0, u+ = 0, i = 1, 2, • • • , n, (^„+i = ^ 0. 
Combining p.7p with p.9p . we obtain 

(3-10) - ^ j = E < E < - 0, 

(3.11) ipt>ut = V'Pn+l- 
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It follows from (|XTU)1 and ([XTT|) that 



So we conclude that u'^(x\ x„+i, t) is viscosity super-solution of (|1.4p . This completes the proof 
of Theorem 1 1.71 
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